Abstract. We present a notion of mutation of hyperbolic polyhedra, analogous to mutation in knot theory [8] , and then present a general question about commensurability of mutant pairs of polyhedra. We motivate that question with several concrete examples of mutant pairs for which commensurability is unknown. The polyhedra we consider are compact, so techniques involving cusps that are typically used to distinguishing mutant pairs of knots are not applicable. Indeed, new techniques may need to be developed to study commensurability of mutant pairs of polyhedra.
Introduction
Let P be a compact polyhedron in hyperbolic 3-space H 3 . If the dihedral angle measures are all integer submultiples of π, then reflections in faces of P induce a discrete group Λ(P ) ≤ Isom(H 3 ), P serves as a fundamental domain for the action of Λ(P ), and H 3 is tiled by images of P under elements of Λ(P ); see, e.g. [9, Theorem 6.4.3] . In this case P is called a Coxeter polyhedron. There is a complete classification of hyperbolic Coxeter polyhedra, given by Andreev's Theorem [2, 17] (see also [13, 12, 6] for alternatives to the classical proof).
The group Λ(P ) has an orientation-preserving index-2 subgroup Γ(P ), which is therefore a Kleinian group, i.e. Γ(P ) is a discrete subgroup of P SL(2, C). Study of these polyhedral reflection groups Γ(P ) is a classical topic in hyperbolic geometry [19] . They are also of considerable recent interest from several different perspectives; as a sample, we refer the reader to [1, 4, 9, 11, 15] . Definition 1.1. A 3-prismatic circuit of a polyhedron P is a triple of faces (F 1 , F 2 , F 3 ) such that each face is adjacent to the other two, but the three faces do not all meet at a common vertex. Definition 1.2. Two compact hyperbolic polyhedra P and P form a mutant pair iff P can be obtained from P by the following procedure: Start with a 3-prismatic circuit in P such that the dihedral angles between any two of those faces are equal. Find the common plane N that is perpendicular to all three faces. Split P into two parts P 1 , P 2 on either side of N , and rotate
The mutant polyhedron The original polyhedron Figure 1 . Slicing the first polyhedron in half and rotating the lower half by 2π 3 results in the second.
Two compact hyperbolic polyhedra P, P are commensurable iff their Kleinian groups Γ(P ) and Γ(P ) are commensurable in the wide sense.
Pairs of commensurable Kleinian groups share several properties, and therefore determining if a pair of Kleinian groups is commensurable is an important problem. We refer the reader to the textbook by Maclachlan and Reid and the references therein for details [16] . The most common invariants of commensurability are the invariant trace field (ITF) and invariant quaternion algebra (IQA); see Section 2 for more details.
For essentially the same reasons as for mutation of knots, mutation of hyperbolic polyhedra preserves the ITF and usually the IQA of the Kleinian group (this will be explained in Section 2). Therefore determining whether a mutant pair is commensurable is a difficult problem.
Problem 1.
Under what conditions is a mutant pair of hyperbolic polyhedra commensurable?
Remark. For mutant pairs of knots, the knots serve as cusps at infinity for their complements. These cusps lead to additional invariants, which often allow one to determine whether the two knot complements are commensurable; see for example [10] and [7] . In this note we have restricted our attention to compact polyhedra so that techniques related to cusps cannot be used on Problem 1.
In order to show that Problem 1 is interesting, we present several very simple examples of mutant pairs of polyhedra in Sections 3 and 4. We use the "SNAP-HEDRON" software [3, 18] to study these pairs of polyhedra. In certain cases, one group is arithmetic and the other is not, or one group has integral traces and the other does not; in both cases, the pair of groups are not commensurable. But in most cases, the question of commensurability is unknown. (Remark that mutant pairs BB4, BB4m and BB5, BB5m were studied in [3, Section 7.6] and the purpose of the present paper is to amplify that discussion and produce many additional examples.) 
The invariant trace field (ITF) kΓ of Γ is the field
The invariant quaternion algebra (IQA) AΓ of Γ is defined as
The following two propositions show that mutation of hyperbolic polyhedra preserves the ITF, and sometimes the IQA, of their corresponding reflection groups. The examples that we present in Sections 3 and 4 have been constructed to preserve both. Proposition 2.2. If P and P are a mutant pair, then kΓ(P ) = kΓ(P ).
To prove this we need the following two results:
If Γ is a finitely generated Kleinian group expressed as a free product with amalgamation Γ 1 * H Γ 2 , where H is a non-elementary Kleinian group, then kΓ = kΓ 1 · kΓ 2 , where · denotes the compositum.
Maskit Combination Theorem. Let Γ 1 , Γ 2 be two Kleinian groups with
and Γ is Kleinian.
Sketch of proof of Proposition 2.2. Let P and P be a mutant pair of polyhedra with cutting plane N and half-polyhedra P 1 and P 2 . According to Theorem 2.3, it suffices to prove that for a suitable choice of Kleinian groups Γ 1 , Γ 2 , and H, we have Γ(P ) ∼ = Γ 1 * H Γ 2 and also Γ(P ) ∼ = Γ 1 * H Γ 2 , possibly with different amalgamation maps. This will follow using the Maskit combination theorem.
Let us provide the details that Γ(P ) ∼ = Γ 1 * H Γ 2 because proof for Γ(P ) is identical. It will be helpful to suppose P is situated in the Poincaré ball model with the each of the faces of the prismatic circuit perpendicular to the equatorial plane; i.e. the cutting plane N is the equatorial plane z = 0. Let
We also suppose P 1 is in the closed upper half space H + and P 2 is in the closed lower half space H − . It will be useful to consider infinite volume analogs of the half polyhedra P 1 and P 2 , so we let P 0 1 be the polyhedron bounded by the faces of P 1 other than N , and define P 0 2 analogously. Let T be the polyhedron bounded by the faces of the prismatic 3-circuit C.
Let the groups Λ 1 , Λ 2 , and J be the discrete subgroups of Isom(H 3 ) generated by reflections in P 0 1 , P 0 2 , and T , respectively. They are subgroups of the reflection group Λ(P ).
(The analogous statement holds for Λ 2 with H − replaced by H + .)
Proof of Claim: As Λ 1 is a discrete group with fundamental domain P 0 1 , the union of all images of P 0 1 under Λ 1 tile H 3 with multiplicity one. Moreover, the union of all images of P 0 1 ∩ H − under J tile H − with multiplicity one. (This is because T is a fundamental domain for J and J preserves both halfspaces.) Therefore, if λ ∈ Λ 1 satisfies λ(H − ) ∩ H − = ∅ it must be an element of J, since otherwise an open set of points in H 3 would be double-tiled.
(Claim)
The claim immediately implies that Λ 1 ∩ Λ 2 = J. If we let B 1 ⊂ S 2 be the lower open hemisphere and B 2 be the upper open hemisphere, the claim also proves that if λ i ∈ Λ i with λ i (B i ) ∩ B i = ∅ then λ i ∈ J. Since Γ 1 , Γ 2 , and H are subgroups of Λ 1 , Λ 2 , and J respectively, the orientation-preserving groups satisfy the conditions of the Maskit Combination Theorem. Therefore, Γ 1 ,
It remains to check that Γ 1 , Γ 2 = Γ(P ). The containment Γ 1 , Γ 2 ⊂ Γ(P ) is immediate, so we will show that Γ(P )
Proposition 2.4. If P and P are a mutant pair of hyperbolic polyhedra and there exists a vertex of P (and hence also P ) with two edges meeting at it having dihedral angles [16] , A(P ) is isomorphic to an algebra depending only on k(P ), which is isomorphic to k(P ) by Proposition 2.2.
The next invariant property allows us to prove that four of the mutant pairs of polyhedra that are presented in Section 4 are not commensurable. Definition 2.5. We say that Γ has integral traces iff for all γ ∈ Γ, tr (γ) is an algebraic integer. This next lemma makes it easy to check if a reflection group has integral traces. Lemma 2.7. If P is a Coxeter polyhedron with Gram matrix G, then Γ(P ) has integral traces iff every element of G is an algebraic integer.
Proof. This is shown on page 325 of [16] (which uses Γ + (P ) for the orientation-preserving subgroup).
In certain cases, reflection groups will be arithmetic. If that holds, Theorem 8.3.2 from [16] implies that the group has integral traces.
Simple example for which commensurability is unknown.
We showcase Problem 1 by presenting a very simple mutant pair of polyhedra for which we do not know commensurabilty. We will refer to the two polyhedra in Figure 2 as AA5 and AA5m, respectively, to be consistent with the notation of Section 4. By Proposition 2.2, both AA5 and AA5m have the same invariant trace field, which in this case is meet. Therefore, Proposition 2.4 gives that AA5 and AA5m have isomorphic invariant quaternion algebras, each of them satisfying
Moreover, both have non-integral traces. For these reasons it is difficult to determine if the polyhedra AA5 and AA5m are commensurable. We used the SNAP-HEDRON software 1 to the compute the outward pointing normal vectors for these polyhedra and also their Gram Matrices. Let us record the details here, partly to show how concrete Problem 3 is. We list the exact outward pointing normal vectors as rows of the following matrices. Each row represents a vector in E 3,1 with the timelike coordinate first. 50 + 10
Notice that the only difference occurs in the last outward pointing normal vector (last row of the matrix), which corresponds to the bottom face in Figure 2 .
The Gram matrices 2 of the polyhedra are
where, α = − 
Several Additional Mutant Pairs
Now we will present a collection of several additional simple mutant pairs of polyhedra, to demonstrate Problem 1. Of the 15 pairs presented in Table 1 , four have been shown to not be commensurable; the other 11 are open. We constructed the polyhedra using the HYPER-HEDRON software [14] for MATLAB, and then computed the invariants and checked for arithmeticity and/or integral traces using a PARI/GP program called SNAP-HEDRON [18] .
To this end, we define three "half-polyhedra" A,B, and C as follows. The numbers n on the edges mean a dihedral angle of π n ; unlabeled edges are right-angled. By Andreev's Theorem, there is a unique compact polyhedron realizing types A and B for q ∈ {4, 5}, and type C for any q ≥ 4. We interpret these as compact polyhedron with the dashed triangle as a face. When we form our mutant pairs, the dashed face will be where the gluing is done. Indeed, given any two of these half-polyhedra with the same choice of q, we can glue them together along the dashed plane to form a compact polyhedron in such a way that the faces above and below a dashed edge "merge" to become a single face in the resulting polyhedron. We use the following notation to describe these polyhedra. The first two letters refer to the two halves that make it up (like AC or BB). Then we put a number q to denote that each of the edges of the prismatic circuit where the mutation occurs has dihedral angle π/q. Finally, we append the letter "m" to refer to the mutated version. For example, Figure 1 describes BB4 (left) and BB4m (right).
Note that all of the halves have a single plane of reflectional symmetry; the "mutated" polyhedra are those where the symmetry planes of the halves do not coincide. (This means it does not matter whether we rotate clockwise or counter-clockwise to get the mutation.) We also chose the dihedral angles so that mutation preserves the IQA by Proposition 2.4. Integral Traces 0.6554951243769758 + 0.75519940540099274i Table 1 . Data for the 15 mutant pairs. Next to each polyhedron name is listed whether or not the reflection group is arithmetic or has integral traces. All others have non-integral traces. Boldface names refer to non-commensurable mutant pairs that are distinguished by Proposition 2.6. The right column shows the generator polynomial and approximate root for the invariant trace field, which is identical for both polyhedra by Proposition 2.2.
